We investigate the critical behaviors of correlation length and critical exponents for strongly interacting bosons in a two-dimensional optical lattice via quantum Monte Carlo simulations. By comparing the full numerical results to those given by the effective theory, we quantitatively determine the critical regime where the universal scaling behaviors applies at a finite temperature, for both classical Berezinskii-Kosterlitz-Thouless transition and quantum phase transition from superfluid to Mott insulator. Our results represent the critical regime that should be observed in present experimental conditions.
I. INTRODUCTION
The exotic many-body phases and their phase transition properties have been extensively investigated in the systems of ultracold atoms in recent decades, mostly due to the defect-free and widely tunable characters in the real experiments [1] [2] [3] [4] [5] [6] [7] . Besides of quantum phase diagrams and transition boundaries, more and more attention are drawn to investigate the critical properties near the phase transition points [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , because finite temperature and finite size effects are very important and unavoidable in a cold atom experiment. From theoretical points of view, critical regime is mainly controlled and determined by the effective theory near the transition point, while the validity of the effective theory has to be determined only by higher order effects or full numerical simulations.
Taking interacting Bose gases as examples, thermal fluctuations in low dimensional system may lead to interesting topological excitations and the BerezinskiiKosterlitz-Thouless transition in two-dimensional systems [8, [20] [21] [22] [23] [24] , which has been realized in current experiments [25] [26] [27] . When loading into an optical lattice, interacting bosons may undergo a superfluid (SF) to Mott insulator (MI) transitions [28, 29] as predicted from a single band Bose-Hubbard model [30] . Some investigations on the critical behaviors have been carried out both experimentally [15, 18, 31, 32] and theoretically [19, [33] [34] [35] . However, how to quantitatively determine the critical regime and how the classical phase transition at finite temperature has a crossover to quantum critical regime near zero temperature is still unclear.
In this paper, we quantitatively identify the Berezinskii-Kosterlitz-Thouless (BKT) regime and the quantum critical (QC) regime in a two-dimensional BoseHubbard model by comparing numerical results from the ab initio path-integral quantum Monte Carlo (QMC) [21, 36, 37] with results from the effective theories. More precisely, we define a proper approach to investigate how the correlation length (ξ) and the critical exponent (η) changes as a function of system parameters near the transition boundaries. The finite temperature crossover regime has an asymmetric shape in the superfluid side and in the disordered side, showing a non-trivial higher order correction due to different ground states. Finally we discuss the correlation length as well as the critical exponents can be determined in a finite-size system.
In Sec. II, we first introduce the model to study and the critical behaviour of correlation function near the phase transition point. In Sec. III, we systematically investigate the signature of the correlation function near the BKT transition point, and extend it to the quantum critical regime of the SF-MI multicritical point in Sec. IV. Finally, we discuss the experimental application in Sec. V.
II. SYSTEM HAMILTONIAN AND CORRELATION FUNCTION
A. General description of the phase diagram
In order to quantitatively investigate how the classical BKT phase transition between 2D superfluid and normal sate merges with Mott insulator (MI) phase at a quantum critical point, we consider bosonic ultracold atoms loaded in two-dimensional optical lattice, which is known welldescribed by the single-band Bose-Hubbard model:
where a i and n i are bosonic field operator and density operator respectively at the ith lattice site, J is the nearestneighbor hopping energy, U is the on-site interaction, and µ is the chemical potential. The phase diagrams at zero temperature and finite temperature have been investigated before [30, 34] . We also show quantum critical regime as well as the critical regime of BKT transition. We will then give a more concrete study in the rest of this paper.
B. The critical properties of correlation function
In the previous works of quantum Monte Carlo calculation, the phase boundary between superfluid and normal state (as well as MI state at zero temperature) is determined by the superfluid density (or winding number) [21] . However, this method cannot be used to determine the quantum critical regime, which depends on the effective model in a certain parameter regime. In our calculation below, we investigate quantum critical regime through the long-range behaviour of the correlation function, which is defined as following:
where r = r j − r i , d = 2 is the dimension of the system, η is a critical exponent and ξ is the correlation length. It is known that in 3D systems, if G i,j goes to a non-zero constant value as |i − j| → ∞, it indicates the superfluidity with an off-diagonal long-ranged order. However, the situation becomes much more tricky in lower dimensional system, which does not have a true long-ranged order at any finite temperature according to Mermin-Wagner theorem [38] .
In a 2D system with a weak interaction (U ≪ J), we know that the system can undergoes a BKT transition to be a superfluid at a finite temperature T c . The correlation function has an exponential decay, i.e. G i,j ∼ exp(−r/ξ) with a finite value of ξ, for T > T c . The the critical exponent η ∼ 0.01 is known very small and can be neglected [18] . However, when T < T c , the binding of a vortex and an anti-vortex strongly suppresses the thermal fluctuations and therefore the correlation function shows a power-law decay with a divergent correlation length, i.e. ξ → ∞ and η has a finite value, i.e., G i,j ∼ r −η . In Fig. 1 , we show how the correlation function G i,j changes for different temperatures with J/U = 0.04 and µ/U = 0. Here for simplicity, we just show the results of a 100 × 100 square lattice. Results of larger lattice sites are also obtained but did not show significant differences. As one can see that the correlation function changes significantly from an exponential decay to a power-law decay when temperature decreases. The critical temperature observed (between 0.04 and 0.03 U ) from the change of correlation function is consistent with the value estimated (T c ∼ 0.036U ) from the winding number fluctuation, i.e. W 2 = 4/π [24] . As we will show below, the quantum critical regime can be defined by how the correlation length, ξ, changes as a function of temperature and/or other system parameters. We also emphasize that in our numerical simulation, the correlation function G i,j is found not affected by the finite size effect except in the range |i − j| ≈ L/2, e.g., as shown in the purple triangles in Fig. 1 . Besides, the correlation length ξ extracted from the G i,j in the regime above critical temperature is also well below the system size. Therefore, all the results presented in this paper should be well justified and applicable in the thermodynamic limit.
FIG. 1:
The semi-log plot of the correlation function Gi,j = a † i aj as function of distance r ≡ |i − j| where i = 0 at T /U = 0.01 to 0.1 from up to low are shown at J/U = 0.04 and µ/U = 0. The periodic boundary condition with 100×100 square lattice is applied. The exponential decay at T /U = 0.05 to 0.1 is shown here, while the algebraic decay at T /U = 0.01 to 0.04 can be identified in a log-log plot.
III. CRITICAL REGIME OF BEREZINSKII-KOSTERLITZ-THOULESS (BKT) REGIME
Before investigating the quantum critical regime, it is necessary to study how the correlation length (ξ) or the critical exponent (η) changes when the temperature is approaching T c from the higher or lower temperature side. According to the BKT theory [20, 39] , the unbound topological defects (i.e. vortices and anti-vortices) lead the correlation length ξ to diverge as ∼ exp c
near the critical temperature, where c is a dimensionless constant.
In Fig. 2 , we show how the correlation function diverges as a function of temperature when T > T c for J/U = 0.04 and µ/U = 0. As we can see from the inset that log ξ ∝ (T − T c ) −1/2 as T → T c . However, when the temperature is higher then T c up to a certain value, we do find some deviation from the linear relation, indicating a higher order correction of the BKT theory. As a result, we can define another temperature scale, T BKT ξ , above which the BKT theory becomes not reliable upto certain accuracy. In this paper, we define T BKT ξ such that the linear relationship between log ξ and (T − T c ) −1/2 is accurate within 99% for T c < T < T BKT ξ . We note that T BKT ξ defined here is not another critical temperature, but just a temperature scale one can tell how much accurately the BKT effective theory can be quantitatively
The correlation length ξ as function of temperature, where ξ is fitted as Gi,j ∝ exp(−r/ξ) at T above Tc, J/U = 0.04 and µ/U = 0 in 100 × 100 square lattice with periodic boundary condition. In the inset, the semi-log plot of ξ as function of (T −Tc) −1/2 , the divergent law of ξ as T decreasing is shown to be log(ξ) ∝ (T − Tc) −1/2 , which agrees with the one in BKT transition regime [39] . The Tc is defined as the temperature that W 2 = 4/π.
applied near the critical temperature. This temperature scale is very important to our future analysis. When T is below T c , on the contrary, the correlation function decays algebraically, i.e., G i,j ∝ r −η as r → ∞. Now we will compare two values of η. η num is obtained from the numerical (QMC) calculation through fitting the slope of G i,j in the log-log plot (not shown here). η BKT is derived from the BKT theory from the superfluid density, ρ s , through η BKT = mT /2πρ s 2 [31] . In other words, η becomes a universal value, η c = 1/4, as ρ s (T c ) = 2mT c /π 2 at phase transition point. In our QMC calculation, the superfluid density can be calculated from the winding number, i.e.,
, where m = 1/(2J) in Bose-Hubbard model, L is system size, d is the dimensions, β = 1/k B T , and W 2 is the mean of winding number square [21] . Ideally the critical temperature T c in thermodynamic limit (L → ∞) is determined by the discontinuity of superfluid density and mean-squared winding number. In a finite 2D system, however, the mean-squared winding number W 2 still converges to 4/π at T c as the size being sufficiently large (L ≥ 100) [21, 24] . We have checked separately and confirm this results for various system sizes (not shown here). Therefore, η BKT is also calculated from the BKT theory via the calculated superfluid density. Comparing the results of η num and η BKT can provide information about how accurate the BKT theory can be applied when near the critical temperature from below.
In Fig. 3(a) and (b) , the values of η num (filled squares and circles) and η BKT (blanked square and circles) are shown together as function of T /U at µ/U = 0 for two different values of tunnelling amplitude, J/U = 0.04 and 0.3, respectively. On can see that both η BKT and η num increase up to 1/4 as the system approaching to phase transition point, while η num and η BKT match each other quantitatively only when deep inside the superfluid regime (i.e. when temperature is in the lower side and/or J/U is in the larger side.) Therefore, as expected, the deviation can be more significant when the system parameters are tuned close to the quantum critical point, where the critical temperature approaches to zero. 
IV. CROSSOVER REGIME NEAR THE QUANTUM CRITICAL POINT
As approaching to the quantum critical regime, it is known that the Bose-Hubbard model in 2D square lattices shares the same universality class with the (2+1)D XY model (i.e. the O(2) rotor model) in the vicinity of the multicritical point (the Mott lobe tip), because of the infinite integration range of the imaginary time axis [40] . As a result, in the disordered side and along the zero temperature line (i.e. in the Mott insulator regime), the correlation length should diverge as ξ ∝ |J − J c | −ν for J → J − c , where ν ≈ 0.6715 is the correlation length exponent for O(2) rotor model and J c /U ≈ 0.05974 for the first Mott lobe tip [41] . In our numerical result as shown in Fig.(4) , the correlation length at extremely low temperature (T /U = 0.001) follows the such power-law behavior very well in the range 0.05 < J/U < 0.0596. Finite temperature effects intervene when approaching the multicritical point further because the energy gap becomes too small.
In the other side of the critical point, the superfluidnormal phase transition is still of BKT type. In Fig. 5(a) , we show results for different values of chemical potential µ/U as J = J c for comparison. It is easy to see that the range of the BKT critical behavior, i.e., log(ξ) ∝ (T − T c ) −1/2 , shrinks when close to the quantum critical point (T c → 0) as expected. In our numerical results, this regime does not shrink to absolute zero because we have set 99% (instead of 100%) accuracy in the fitting criteria. Now we consider the finite temperature effect near the multicritical point, i.e., (J, µ) → (J c , µ c ), the divergence of correlation length ξ with respect to temperature is predicted to be universal, ξ ∝ 1/T , in a large temperature interval, and the lower bound of this interval approaches T = 0 at the multicritical point [42] . Here we numerically explore the crossover regime by investigating how the correlation length changes with respect to the temperature in different parameter regime. As clearly shown in Fig. 5(b) , the quantum critical behavior, ξ ∝ 1/T , is revealed and strongly deviates from BKT behavior as close to the quantum critical point (QCP). Similar to previous definition of T BKT ξ in Sec. III, we can then define another temperature scale, T QC ξ , such that in the temperature interval, T QC ξ < T , the correlation length fits the QC critical behaviour upto 99% in accuracy. However, we have to mention that in an even higher temperature regime (T ≫ T
QC ξ
, not shown in the figure) , the classical fluctuation is expected to dominate, destroying the ξ ∝ 1/T behavior.
In Fig. 6(a) and its inset, we show the calculated two crossover temperatures, T BKT ξ and T
, as a function of chemical potential at J = J c . It is surprising to find that the regime for the BKT scaling regime is much larger than the phase transition temperature (i.e. T BKT ξ ≫ T c ) when slightly away from the quantum critical point. Besides, the quantum critical regime is symmetric along the horizontal axis (chemical potential), but also very narrow in the parameter regime (around |u − µ c |/U ∼ 0.03).
In Fig. 6(b) , we further show the universal scaling regime near the superfluid-to-Mott insulator transition point. In the superfluid side, we again observe that T BKT ξ is much larger than T c and increases when away from the tip of the quantum critical point, showing the overwhelming dominance of the classical BKT mechanism. On the other hand, the universal scaling regime near the quantum critical point, indicated by T QC ξ , increases sharply and exceeds the T BKT ξ as departing from the QCP. In the disordered side, where the ground state is Mott insulator, T QC ξ increases as a function |J − J c |/U in a much slower rate. Such a strong asymmetric behavior of the quantum critical regime, results from the fact that the excitation spectrum in the superfluid side and the disordered (normal phase) are completely different. To the best of our knowledge, this is the first results obtained by a numerical calculation without any approximations. 
V. THE EXPERIMENT-RELATED ISSUES
Now we briefly discuss the experimentally related issue for measuring the critical regime. For a normal fluid above the critical temperature, the correlation length, ξ, can be directly measured via matter wave interferometry [5, 15, 18, 25] and/or in situ momentum distribution imaging [6] . It has been shown that the result is not sensitive to finite size effects.
When the temperature is below the critical temperature (i.e. superfluid regime), the scaling exponent, η, for clearness. Note that the Tc is shown slightly above 0 at (µ, J) = (µc, Jc) due to the numerical limitation. The overlap of BKT regime and quantum critical regime near J = Jc is simply due to the 1% tolerance of the numerical fitting results, without any physical implication.
FIG. 7:
The superfluid density, condensate density and the a † 0 a L/2 as function of temperature at µ/U = 0 and J/U = 0.04 in 100 × 100 square lattices. The black squares are superfluid density obtained by measuring winding number, the red circles are the condensate density by taking k = 0 in the Fourier transform of the correlation function, and blue triangles are a † 0 a49 . can be measured from the condensate density through the finite size effect. It is because the condensate density, n k=0 = i,j G i,j ∝ j G 0,j , is mostly dominated by the long distance behaviour since it decays slowly as a power law, i.e. n k=0 ∼ = G 0,L/2 . Thus, the experimental measurements of η can be done by measuring n k=0 ∝ (L/2) −η through the time-of-flight experiments with different system sizes. In Fig. 7 , we show the superfluid density measured by winding number (black squares), the condensate density by taking k = 0 in the Fourier transform of the correlation function (red circles), and the correlation function of G 0,L/2 as function of temperature (blue triangles). It is clear to see that both the condensate densities and G 0,L/2 shrink sharply to zero as T increasing to T c , and they are clearly very close to each other.
Considering more realistic cases, like the systems of 133 Cs or 87 Rb in an optical lattice [27, 29] , one can fix the tunnelling rate, J, and expect to see different regime in space by using local density approximation, i.e. the local chemical potential changes due to the inhomogeneous harmonic trap [34] . From the results of Fig. 6(a) , we estimate that the quantum critical regime (the pink area) may be observed in spatial dimension of approximately 7 sites × 7 sites in a typical trapping potential. On the other hand, recent development of the box trap systems in recent experiments also give an optimistic prospect in enlarging the system size beyond local density approximation [43, 44] .
VI. CONCLUSION
In summary, we quantitatively study the critical behaviors of the correlation function, G i,j below and above T c along with investigating the divergence of correlation length ξ and the critical exponents η and ν. We quantify the ranges of classical BKT and quantum critical regimes, and show the possibility to reach them in current experiments. Our results pave the way to quantitatively study the critical behavior in other strongly correlated system.
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